
Riemann Zeta function

Riemann Zeta fun:S (s) = ^
11=1 Mt

for Reis) 71.

the function converges absolutely
and uniformly on compact

subsets of /Reins) 34, a

m²/ = n RS1

5IH is holomorphic function

in Ref) 71.



connection with primes

Enter product formula: for Rett)],

the infinite product I
pep (1- f)

Converges and

⟂ 5111 - PEITR 1- 1pm),

• where p is the set of positive

primer 32,3, 5. 7.../

profo: since ☐
M-I Mt

•

1 converges

absolutely for Res 73, the prod

" "ps) also converges.T
PEP



fit s with Less 1 I £30.

Let's choose N so large that
•
Σ
n-Nil

Now 9151- b + ¼ 'Ist..

SCS) = It ⅓' Δ gst #...

m³
L {

%)

"½:
this is a well-known

number-theoretic procedure known

as sieve of Eratosthenes..

541: I + It 1st...



Shur: (1-Fp) ( "* is)" "

I" ⅓) so-at fist."

/ 5H I/ LE.

as desired. Completing the

proof that ⅓, = (F)

By the choice of N, if M, N then:

11" 1-1
j='/ (Pg"



Relation to the gamma function

for Pe 3) 71

So#fat" it
1- e-t

proof: the integral converges for the

same reason that the gamma function
converges • for f- = 1,2, - -

53/0%3-'e'de £" ft"' e- it at
•

"j".#g1 A- ' e- it at

Summing over j gives

5131=2! j → pop So it £"#éˢᵗ
j"j-I

- e-t

1- etthen.gg#,fdtt"'e"

l-e-t =



for Jet, define the ant

function w/in 1: Fw 3- 1 e- w

1- e"
on the Region 6) Ew: Rew], 0,6m w:D

the fun is well- defined if we

take _☑ 2 anger) e it. Also

define, for ◦ CE7 2TK, Hankel funce

He = So, now

where Ca = Cels) 15 the Hankel

contour shown bellow



She interpretation is the following

linear portions of the contour

are understood to lie just

above and first bellow the

real axis (at distance s), while

the circular portion is understood

to have radius E-

Notice that, for ◦ LE, L E-CH

He, (3) = Heals) since the region

bonded by CE4, CE2 contains no

poles of u.

for OLEL 2T e Re (3) 71

1we have 5g,: - HE63'

Ii tinctzl H)



As a result, 5131 continer
andi finally to 01414

proof Parameforing Ce:

He- [ "at (e- e- (ASI)-
•

✗ exp (6- 11 log/-/Airs) -(Aris)

b
+ Sg (sa at

intend
2T-5

ie e"

+ If 1- 5" "
C- eei.gs-i

✗ e- ee" - It#+ l

Hee 5 represents the radian measy

re of the initial point of the



circular portion of the curve Ce

and  represents the value of the
parameter at which the linear

portion of the curve Ca meets

the circular portion.

Now, for small &

/ 1- e- ""1711-e"/

≥ E12, this

/III ≤ 21T max /⇐ e'13-11
0

+ / e- • eial.,

½



≤ 4T£ Re] "e- ohm) [→ ◦

as E- so.

On the Other hand. It I =
ÉIn a. (s-e-t-is,-a exp/8- "

Flog EH + if"-☐ I] -A- is {

+ fÉdt (1-e-+ "5' exply-D

+ [log £+8 + i (t-8")]-+ + is/

where 81 = 8' HI and 8" = 8" it/

are chosen to that (8.- ) i (t-S"/

are the angs. of the initial and

terminal points on the curve (c.



Note that he salue of Heyl is

independent of 870 as longas f

is small - By uniform convergence

we may let 8 → 0 so that

we may restrict ourselves to

5%+4-e- 7" exp/(g- 1) loft-it-th

i ° at 1- e- A) "exp/(3- ylogttitt.tl

b
ei"3 -e- it}) feat £-'e-t=

1- e-t

- Zinn (B)

As £-0, the integral becomes

Miss, • Thus, we have shown

that Ho-fig. Hen: disinct 3) 03111



for the remaining, notice that

form on positive Real axis and W71

1KW 1 ≤ Aurea → e- w, W/A- AN

Thus, u will be integrable over

Ce for any 8£ & and He will define

an entire function of yby diff. under

integral sign • thus, 5 = -HE8)

Disinlitz)B,

defines an analytic continuation

of Sy, to E12. However, 5)

is holomorphine at 3=2,3, 41... and

on 12: Rez 714. Moreover, the simple

poles of FC31 at 3=0, - 2,-.- cancel the

simple zeros of sin Hz at these values.

Therefore, the Riemann removable singularities



theorem implies that the denominator

continues holomorphically to a nonram. _

thing function on 43: Res 73124, ex cept

for a zero at 3=1. In conclusion,

141 continues holomorphically

to 0144.

Simple pole at 3=1

Let us now demonstrate that 581 has

a simple pole at z =3 With residue 1.

for 3=1, sin my-0, so that

1+1=0 and

ie eio# = 1'd-0 e- Ee""

l-e-ee:O

= £" do ice"eee" →



21T do ie e it

(+ Ee"tR) -1

IR1 ≤ C. E

O

2510 is eio

Eeit + R

{→ of
- 2#i

As a remit:

him &-1) Sy-lim
341 3-71

HE13)

131

3- 1

Linny

-2141 ¼,: - 1
g. end.

Functional Relation

We keep motivating ourselves to acquire

more explicit information on the continuation

of SC31 to 41414. In keeping on

this direction, let us derive the



functional relation

94-81 = 258) Pf) cor(It 3) (2518

We start by considering 3£30,-1,-2..

Suppose Rez70. Let ◦ CE22# and

let n be a positive integer. The idea

is to relate Hay to Hentality

using the calculus of residues and

then let n → is. Thus,

2-¼, Hants 1H13)- Heigl]

is the sum of residues of u in

the region. Re,n E) 3: E 41212 (Mts)#4.

The poles of u are simple: ± Inti.

The residue at ± 2TKi (ko) is

him (  2kti) - (w/&" e- a
w → ±ZKHI 1- e- a



But
- W

⑥  2mi) e
1- e- w

J

so the residue of µ at ±2Tki in

him (w)"" = (  ZK13"
Wrp ± 2mi

1

Where we continue to use the principal

branch of the logarithm. Hence, we have

exp (f- 1) log (F 2mi))

- exp (&-1) (log 2kt ))

= exp/  8- HE (214+134)

In summary,

Hants,# (3) - He (3) = 2Ti Σ of residues of u in Rain

= 4Ti cos I (3-1) Σ 44ᵗʰ
K-I"



Since
laws/≤ Asw"" e

- Rew

1- e- w

So, as Re 370:

- He (8) = 4H; cos/[(3-1)/(2113" Σ Ks-d
K-1

- 4H; (2413" sin (I 3) 5/1-31

Therefore, 5cg) = - HEY,
disintty) ⅓y,

- 12118 sin (If) S (-s)

An ④ 3) Fly,

511-81
= (2) 3 1

20s#21 Fz I

g- e. d.



The cult follows for all g

by analytic continuation.

Finally, we observe that the

functional equation provides us with

an explicit way to intend the definition

of Gy) to all 4) 111 .

Addionaly, We can of the functional

equation as a Reflection formula, giving

the values to the left of Reg: 1h

in terms of these to the right.

Another interesting relation

We can think of the Enter

product formula the following: it tells

us that, for Regis, 581 does not



vanish. since D8)

vanishes , the functional equation

says that Slf) can vanish for

Reg > I only at the peros of

☁ s)-i. e. 51,35,...

Therefore, we proceed to show that the

only zeros of Sy not in the

set 4g:O ≤ Reg≤1{ are 8=-2,-4,-6....

Let us start with the fact that, if

we use the functional relation to

calculate him 511-s), we observe that

2"

the simple pole of 5121 at 3=1

cancels the simple zero of the function

cos (Ez), so the function SC1-s)

never



has no zero at 3=1. However,

for 3=3,5,... the right-hand side of the

functional eq. is a product of many finite-valued

nonvanishing factors with us 3) so that

11-3/-0.

Since all the genes of 941, except those

at g- Amnesia... are in the strip

{f: ◦ ≤ Regst}, it is known as the

critical strip. In connection with this,

the celebrated Riemann Hypothesis

states that all nontrivial genes of

Sy, i-e. g + ⇐ In, n-42,..,

lie on the critical strip

z: Ref-½ DID



Let us define die function

A: / NE2 in 704 → IR

log p, m = P", PEP, OCKEZ

0 , otherwise

for Regis:

Σ An e- slog. = -gig,

M72 813)

In order to realize that , Let us first note

that logarithmic differentiation of the Euler

product formula yields

- 5' g) = E (e- e- shop)'

54 PEP

= Σ lgpe-se.sn

pep

by A 4) =

( -e- stop,

1 - e- 8 loop



We can also expand e- star
1- e- slugs

in a convergent series of powers of e- 3h9?

- 5131 = Σ log p Σ (e- Nsr)".i. e.

•

5131 PEP k-1

Since the convergence of the series is

- sin. E E logy, e- 3h88"
absolute:

551

- E ne, e- 39".

I

KA PEP

n=Z

Holomorphic ity : Let us prove that,

if ♀ is holomorphic in a neighborhood

of PER, if ⊕ is not zero, and

if ① B- 0, then Re 01131 70

⑧ I
for 3 ∈ R near P and to the right

of p.



Let's start by assuming

⑨ G) = α &-P)"+... , ← 3,1

such that ① '8) = kα (z-P1"-It...

and Re 0131 = Re (k ly-P1"t...) 70

&'

zeros at the boundary of the critical strip

Here we will demonstrate that 5

possesses no zeros at the boundary of

the critical strip. By the functional

eg., it is enough to show that

there are no zeros on 3g: Resist.

Suppose that 5 (tito) = ◦ for some

to ER, to +0. Let us define

$81: 53415413 tito) 5 ztai.to)



We can observe that ∅ has a zero

at 3=1 since 53 has a 3rd order

pole at 3=1 While 54 has a zero

of order at least four at Itito.

But he 0H 70 for 1134 " "

⑥ ' (x)

for some EO70.

On the other hand, we have

∅"H = 354 + 4 S'/☒ titol

¢41 941 5H.to,

+ S' (✗ + Zito)

* + 2itol

= I nail-3 e- "" "-45" "+19"
172

- e- ☒ Zito) log.



As a result, we have

☐ Acn, e- +9"
472

RQ1P

∅#

- 4 cos/to log n) - cos (2tologn) 4

= It an e- +69"} -3-4 cos to log n)
4772

- ② cortologn) -d) (

e- ✗ 209" (cos(to log n)

4- 3

-2 nΣ"!, Acn)

+ 1) 2 ≤ 0,

contradicting our initial assumption

that Re ¢111 > 0.

*


